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INEQUALITIES VIA n-TIMES DIFFERENTIABLE CONVEX
FUNCTIONS
MERVE AVCI ARDIC
Abstract. In this paper, we establish some integral ineuqalities for n− times
differentiable convex functions.
1. introduction
A function f : I → R is said to be convex function on I if the inequality
f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y)
holds for all x, y ∈ I and α ∈ [0, 1].
In the literature, Hermite-Hadamard inequality is known one of the most signif-
icant inequality for convex functions. This inequality is defined below:
Let f : I ⊂ R→ R be a convex function on an interval I and a, b ∈ I with a < b.
Then
f
(
a+ b
2
)
≤
1
b − a
∫ b
a
f(x)dx ≤
f(a) + f(b)
2
.
For some inequalities, generalizations and applications including convex functions
and Hermite-Hadamard inequality it is possible to refer to [1]-[6] and [10], [11], [14]
and [15].
In [15], Dragomir and Agarwal proved following inequalities which contain the
right hand side of Hermite-Hadamard inequality.
Theorem 1. Let f : I◦ ⊂ R→ R be a differentiable mapping on I◦, a, b ∈ I◦ with
a < b. If |f ′| is convex on [a, b], then the following inequality holds:∣∣∣∣∣f(a) + f(b)2 − 1b− a
∫ b
a
f(x)dx
∣∣∣∣∣ ≤ (b − a)(|f
′(a)|+ |f ′(b)|)
8
.
Theorem 2. Let f : I◦ ⊂ R→ R be a differentiable mapping on I◦, a, b ∈ I◦ with
a < b, and let p > 1. If the new mapping |f ′|
p/(p−1)
is convex on [a, b], then the
following inequality holds:∣∣∣∣∣f(a) + f(b)2 − 1b − a
∫ b
a
f(x)dx
∣∣∣∣∣
≤
b− a
2(p+ 1)1/p
[
|f ′(a)|
p/(p−1)
+ |f ′(b)|
p/(p−1)
2
](p−1)/p
.
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It is possible to find a number of manuscripts about n− time differentiabil-
ity in the literature. For example, in [6], [10] and [11] the authors generalized
Hermite-Hadamrd inequality for functions whose derivatives of n−th order are
(α,m)−convex, s−convex in the second sense and m−convex respectively. Pach-
patte obtained generalizations of Ostrowski and Trapezoid inequalities for n−times
differentiable functions in [7]. Kechriniotis and Theodorou proved some integral
inequalities via n−times differentiable functions and gave some applications for
probability density function in [9]. In [12], Cerone et.al proved some general in-
equalities of Ostrowski type and gave applications for numerical integration and
power series. In [13], Barnett and Dragomir proved Ostrowski type, perturbed
type and trapezoid type inequalities for n−times differentiable functions. Simi-
larly, in [8], Sofo obtained general integral inequalities for n−times differentiable
functions.
The main aim of this paper is to establish some integral ineuqalities for functions
whose derivatives of n−th order are convex.
To prove our main result we need the following lemma from [13].
Lemma 1. Let f : [a, b]→ R be a mapping such that the derivative f (n−1) (n ≥ 1)
is absolutely continuous on [a, b]. Then for any x ∈ [a, b] one has the equality:
∫ b
a
f(t)dt =
n−1∑
k=0
1
(k + 1)!
[
(x− a)k+1 f (k)(a) + (−1)k (b− x)k+1 f (k)(b)
]
+
1
n!
∫ b
a
(x− t)n f (n)(t)dt.
2. inequalities for n−times differentiable convex functions
Shall we start the following result.
Theorem 3. Let f : [a, b]→ R be a mapping such that the derivative f (n−1) (n ≥ 1)
is absolutely continuous on [a, b]. If
∣∣f (n)∣∣ is convex on [a, b], following inequality
holds
∣∣∣∣∣
∫ b
a
f(t)dt−
n−1∑
k=0
1
(k + 1)!
[
(x− a)k+1 f (k)(a) + (−1)k (b− x)k+1 f (k)(b)
]∣∣∣∣∣
≤
1
n!(b− a)
{∣∣∣f (n)(a)∣∣∣ [(b − x)(x − a)n+1
n+ 1
+
(b− x)n+2
(n+ 1)(n+ 2)
+
(x− a)n+2
n+ 2
]
+
∣∣∣f (n)(b)∣∣∣ [ (b− x)n+1(x − a)
n+ 1
+
(x − a)n+2
(n+ 1)(n+ 2)
+
(b − x)n+2
n+ 2
]}
for all x ∈ [a, b].
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Proof. From Lemma 1, property of the modulus and convexity of
∣∣f (n)∣∣ , it is pos-
sible to write∣∣∣∣∣
∫ b
a
f(t)dt−
n−1∑
k=0
1
(k + 1)!
[
(x− a)
k+1
f (k)(a) + (−1)
k
(b− x)
k+1
f (k)(b)
]∣∣∣∣∣
≤
1
n!
∫ b
a
|x− t|
n
∣∣∣f (n)(t)∣∣∣ dt
=
1
n!
{∫ x
a
(x− t)n
∣∣∣f (n)(t)∣∣∣ dt+ ∫ b
x
(t− x)n
∣∣∣f (n)(t)∣∣∣ dt
}
=
1
n!
{∫ x
a
(x− t)
n
∣∣∣∣f (n)
(
b− t
b− a
a+
t− a
b− a
b
)∣∣∣∣ dt
+
∫ b
x
(t− x)
n
∣∣∣∣f (n)
(
b− t
b− a
a+
t− a
b− a
b
)∣∣∣∣ dt
}
≤
1
n!
{∫ x
a
(x− t)n
[
b− t
b− a
∣∣∣f (n)(a)∣∣∣+ t− a
b − a
∣∣∣f (n)(b)∣∣∣]
+
∫ b
x
(t− x)
n
[
b− t
b− a
∣∣∣f (n)(a)∣∣∣+ t− a
b − a
∣∣∣f (n)(b)∣∣∣]
}
.
If we use the equalities above in below, we get the desired result:
∫ x
a
(x− t)n (b− t)dt =
(b − x)(x − a)n+1
n+ 1
+
(x− a)n+2
n+ 2
∫ x
a
(x− t)
n
(t− a) dt =
(x− a)n+2
(n+ 1)(n+ 2)
,
∫ b
x
(t− x)n (t− a)dt =
(b − x)n+1(x− a)
n+ 1
+
(b− x)n+2
n+ 2
and ∫ b
x
(t− x)
n
(b− t) dt =
(b − x)n+2
(n+ 1)(n+ 2)
.

Corollary 1. In Theorem 1, if x = a+b2 , following inequality holds:∣∣∣∣∣
∫ b
a
f(t)dt−
n−1∑
k=0
1
(k + 1)!
(
b− a
2
)k+1 [
f (k)(a) + (−1)
k
f (k)(b)
]∣∣∣∣∣
≤
(b − a)n+1
2n+1(n+ 1)!
[∣∣∣f (n)(a)∣∣∣ + ∣∣∣f (n)(b)∣∣∣] .
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Corollary 2. In Theorem 1, if n = 1, following inequality holds:∣∣∣∣∣
∫ b
a
f(t)dt− {(x− a)f(a) + (b− x)f(b)}
∣∣∣∣∣
≤ |f ′(a)|
[
(b− x)
3
+ (x− a)
2
(3b− 2a− x)
6(b− a)
]
+ |f ′(b)|
[
(x− a)
3
+ (b− x)
2
(2b+ x− 3a)
6(b− a)
]
.
Remark 1. In Corollary 2, if we choose x = a+b2 , the inequality reduces to inequal-
ity in Theorem 1.
Theorem 4. Let f : [a, b]→ R be a mapping such that the derivative f (n−1) (n ≥ 1)
is absolutely continuous on [a, b]. If
∣∣f (n)∣∣q is convex on [a, b], following inequality
holds for all x ∈ [a, b]∣∣∣∣∣
∫ b
a
f(t)dt−
n−1∑
k=0
1
(k + 1)!
[
(x− a)k+1 f (k)(a) + (−1)k (b− x)k+1 f (k)(b)
]∣∣∣∣∣
≤
(b− a)
1/q
n!
(
(x− a)
np+1
+ (b− x)
np+1
np+ 1
)1/p(∣∣f (n)(a)∣∣q + ∣∣f (n)(b)∣∣q
2
)1/q
where p > 1 and 1p +
1
q = 1.
Proof. From Lemma 1, property of the modulus, well-known Ho¨lder integral in-
equality and convexity of
∣∣f (n)∣∣q , we can write∣∣∣∣∣
∫ b
a
f(t)dt−
n−1∑
k=0
1
(k + 1)!
[
(x− a)
k+1
f (k)(a) + (−1)
k
(b− x)
k+1
f (k)(b)
]∣∣∣∣∣
≤
1
n!
(∫ b
a
|x− t|np dt
)1/p(∫ b
a
∣∣∣f (n)(t)∣∣∣q dt
)1/q
=
1
n!
(∫ x
a
(x− t)
np
dt+
∫ b
x
(t− x)
np
dt
)1/p(∫ b
a
∣∣∣∣f (n)
(
b− t
b− a
a+
t− a
b− a
b
)∣∣∣∣
q
dt
)1/q
≤
1
n!
(
(x− a)
np+1
+ (b− x)
np+1
np+ 1
)1/p(∫ b
a
[
b− t
b− a
∣∣∣f (n)(a)∣∣∣q + t− a
b− a
∣∣∣f (n)(b)∣∣∣q] dt
)1/q
=
(b − a)
1/q
n!
(
(x− a)
np+1
+ (b− x)
np+1
np+ 1
)1/p(∣∣f (n)(a)∣∣q + ∣∣f (n)(b)∣∣q
2
)1/q
.
The proof is completed. 
Remark 2. In Theorem 4, if we choose n = 1 and x = a+b2 we obtain∣∣∣∣∣f(a) + f(b)2 − 1b − a
∫ b
a
f(t)dt
∣∣∣∣∣
≤
(
2
p+ 1
)1/p
b− a
4
(
|f ′(a)|
q
+ |f ′(b)|
q)1/q
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which is the inequality in Theorem 2.
The following result holds for concave functions.
Theorem 5. Let f : [a, b]→ R be a mapping such that the derivative f (n−1) (n ≥ 1)
is absolutely continuous on [a, b]. If
∣∣f (n)∣∣q is concave on [a, b], following inequality
holds for all x ∈ [a, b]∣∣∣∣∣
∫ b
a
f(t)dt−
n−1∑
k=0
1
(k + 1)!
[
(x− a)
k+1
f (k)(a) + (−1)
k
(b− x)
k+1
f (k)(b)
]∣∣∣∣∣
≤
(b− a)1/q
n!
(
(x− a)np+1 + (b− x)np+1
np+ 1
)1/p ∣∣∣∣f (n)
(
a+ b
2
)∣∣∣∣
where p > 1 and 1p +
1
q = 1.
Proof. From Lemma 1, property of the modulus and well-known Ho¨lder integral
inequality, we can write∣∣∣∣∣
∫ b
a
f(t)dt−
n−1∑
k=0
1
(k + 1)!
[
(x− a)
k+1
f (k)(a) + (−1)
k
(b− x)
k+1
f (k)(b)
]∣∣∣∣∣
≤
1
n!
(∫ b
a
|x− t|np dt
)1/p(∫ b
a
∣∣∣f (n)(t)∣∣∣q dt
)1/q
.
Let us write ∫ b
a
∣∣∣f (n)(t)∣∣∣q dt = (b− a)∫ 1
0
∣∣∣f (n)(λb+ (1− λ)a∣∣∣q dλ.
Since
∣∣f (n)∣∣q is concave on [a, b], we obtain the following inequality via Jensen
inequality:
(b− a)
∫ 1
0
∣∣∣f (n)(λb+ (1− λ)a∣∣∣q dλ
= (b− a)
∫ 1
0
λ0
∣∣∣f (n)(λb+ (1− λ)a∣∣∣q dλ
≤ (b − a)
(∫ 1
0
λ0dλ
) ∣∣∣∣∣f (n)
(
1∫ 1
0 λ
0dλ
∫ 1
0
(λb+ (1− λ)a) dλ
)∣∣∣∣∣
q
= (b − a)
∣∣∣∣f (n)
(
a+ b
2
)∣∣∣∣
q
.
If we combine all of results, we get the desired. The proof is completed. 
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